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SM3 3.3: Graphing Polynomials

With a known factorization for a polynomial, the roots (x-intercepts) of the polynomial are determined
by setting each factor equal to 0 and then solving for the variable. If a factor occurs more than once, it
will have a exponent larger than one. We call the number of times that a roots occurs the multiplicity of
the root. The degree of a polynomial is the sum of the factors’ exponents or multiplicities.

Example: Determine the degree of f(x) = (x — 5)2(x + 4)® and roots, with multiplicities, of f(x).

f(x) is a 5" degree Because the sum of the factors’ exponents is 5, the degree of
polynomial. the polynomial is 5.

Because x — 5 = 0 when x = 5, x = 5is a root with
x ={5w/m.of2, multiplicity of 2.
—4 w/ m. of 3}
Because x + 4 = 0 when x = —4, x = —4 is a root with
multiplicity of 3.

The end behavior of a function depends on the degree and lead coefficient of the function.

Positive lead coefficient Negative lead coefficient
Even degree
Both the left and right end
behaviors agree with one
another.
lim f(x) = o0 lim f(x) = —oo
X——00 X—>—00
lim f(x) = o lim f(x) = —oo
X—> 0 X—00
Odd degree
The left and right end
behaviors disagree with one
another.
Note that each graph’s overall
slope matches the sign of the
lead coefficient.
lim f(x) = —00 lim f(x) =
X——00 X—>—00
lim f(x) = o lim f(x) = —
X—00 X—00




Graphically, functions cross the x-axis at each root.
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e [f aroot has even multiplicity, the sign of the polynomial on either side of the root will remain

unchanged. This means that the function can’t pass through the root but must either stay

entirely above or below the x-axis on either side of the root.

e [f aroot has odd multiplicity, the sign of the polynomial on either side of the root will change.

This means that the function must pass through the root changing whether it is above or below

the x-axis on either side of the root.

Example:

Plot the roots and sketch the
function’s end behavior.

Step 1)

f(x) has roots at (—4,0), (5,0).

f(x) is a 5" degree polynomial. The
lead coefficient is positive.

The end behaviors will disagree. The
left end behavior will be low and the
right end behavior will be high.

Step 2) The root of f(x) at (—4,0) has
multiplicity of 3, which is odd. The
function will pass through the root
and move from being negative to

positive at x = —4.

The root of f(x) at (5,0) has
multiplicity of 2, which is even. The
function will not pass through the
root; it will move from being positive
to positive at x = 5.
Step 3) Connect the curve of the polynomial
between each root. Do not concern
yourself with being precise with the
height of the curve for every x-value
between the roots; just don’t create
false roots by intersecting the x-axis
in any non-root positions.
Step 4) Write the end behavior using limit
notation.

Sketch f(x) = (x — 5)%(x + 4)3 and state the end behavior in limit notation.

Jim f(x) = —oco, lim f(x) = co
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Sketch the polynomial with accurate roots and end behavior. Discuss the end behavior of the polynomial
using limit notation.

1) a) = (- D -2 - 3) 2) b(x) = (x+1)°
2 lim a(x) = 2 lim b(x) =
Rl xXo - feeeet 'f 1 xX= =
- lim a(x) = ) lim b(x) =
R S e xX— 00 A xX— 00
3) c(x) =2(x+2)%(x—2)* 4) dx)=-3x—-1)>3x+2)
2 lim c(x) = 2 lim d(x) =
JUUUURE SURUOR SUURN AUUNOS SO UURNUORORG SUURUN: SO SO S X—> =00 S S SR NSO SO O SO SN M O S X— =00
- : lim c(x) = | ) lim d(x) =
e A xX— s s e S A R A XxX— 00
1 — _a\3
5) f(X) — _E(x + 4)2(x _ 3)2 6) g(x) X(X 4)
- © o lim f(x) = S R R lim g(x) =
SR U U US SO SO X— —00 R a1t R X— —00
K | lim f(x) = | ) lim g(x) =
"""""" B2 s e S A B X— o - -2 X—
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7) h(x)=x34+x2-9x-9 8) j(x)=x*—x3—2x%—4x—24
‘ ‘ - Jj(x) has known root of x = —2i
i B A A S B S S S K EE I S S
B R s e lim h(x) = B s e e lim j(x) =
! i e i 1 xX— =
""" ) lim h(x) = ' T . lim j(x) =
2 | X— co : -2 X— 0o
,,,,,,,,,,,,,,,,,,,, N ‘ S L T OO VU Y IO L OO S A
5 5

State a least degree polynomial with rational coefficients, in descending order, that has the given roots.

9)  x={-25} 10) x={—3,%} 1) x = {5i}

12) x:{_1,_§} 13) x={§ —} 14) x={4-10
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15) x={-3,0,3} 16) x ={-2w/ m.of 2,2} 17) x ={-6,—4,1+ 3i}



